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[ New Syllabus ]

( Riemann Integration and Metric Spaces )

Full Marks : 80

Time : Three hours

Answer the following as directed -

1x10=10

(@) A bounded function f: [a,b] > R is

integrable if for each ¢ - ( , there exists
a partition P such that

(i) U(f,P)<g+L(f,P)

(i) U(f,P)<e-L(f,P)

(@) U ( ,P)>5+L(f,P)
(

(iv) U(f ,P)>g~—L(f,P)

1
(e) The open ball 8(5: 1) on the usual

metric space (R, d) is
i

(1) D15 )

]

@ \z73)

vea / 1 3
(111) s

. IS
@ (273

(Choose the correct option)
Petiizxis be' va Sinon S eniptyaiise CIIE
d:Xx X - R is a pseudometric on X,

then which of the following statement
is false ? :

| (i) ,y) O for all x,yeX
(Choose the correct option) s 0 for all
(b) State mean value theorem for integrals. (s IR T i
(e (56 ) = d( %) for allfodyie X

3
(c) Eva.luate F—2—_ (iv) d(x,y)<d(x,z)+d(z,y) for all

(d) Define Euclidean metric on mn . X, y,ze X ‘
e (Choose the correct option)
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(9)

(h)
()

0)

If Ais a non-empty subset of a metric
space (X, d) such that A¢is closed in X,
then A is

() closed in X

() open in X

(1) Both open and closed in X
(iv) None of the above

(Choose the correct option)

Show that the closure F of Fc X,
where (X, d) is a metric space, is closed.

Define a contraction mapping on a
metric space.

Which of the following statements are
true ?

() A singleton set {x} in any metric
space 1s always connected.

(W) The interval [2, 3) is not connected

in the usual metric space (R, d).

(@) If (X, d) is a connected metric
Space, there exists a proper subset
of X which is both open and closed
m X,

(iv) Closure of a connected set in a
metric space is connected.

(Choose the correct option)

BO1FS 0109-110 a4

2. Answer the following questions : 2x5=10

(@)ire A o) =balont O Eamn e

P= {xi L e 0,1,2,....8}
8

Find L(f, P) and U(f,P)
(b) Prove that I(a:+1)=a|§

(c) Show that the discrete metric space is
a complete metric space.

(d) Let (X,d) be a metric space and
§(x,r):{yeX s d(x,y)ﬁr} be a
closed ball in X. Prove that S(x,r)
is closed.

(e) Prove that if Y is a connected set in a
metric space (X, d), then any set Z

such that Y c Z cY is connected.

3. Answer any four questions : 9x4=20

(@) Let f:[a, b] > R be continuous. Prove
that f is integrable,

fl

b an 3

< lim = log—

(b) Show that ruc’z‘] S
BO1FS 0109-110 5 Contd.



(c) Define an open ball in a metric space.
Prove that in any metric space (X, d),
each open ball is an open set. 1+4=5

(d) Let (X,dy) and (Y,dy,) be two metric

spaces. Prove that a mapping
f:X >Y is continuous on X if and

only if f! (G) is open in X for all open
subsets G of Y.

(e) A continuous function may not map a

Cauchy sequence into a Cauchy
sequence — Justify it.
Let (X, dy) and (Y,dy) be two
metric spaces and f:X —>Y be
uniformly continuous. If {x,}  is a

Cauchy sequence in X, then show

that {f(x, )}nzl is also a Cauchy
sequence in Y. 1+4=5

(1 Let (X,dy) be a metric space. If
every continuous function
fi(X,dx) > (R, d) has the
intermediate value property, then

prove that (X, dy) is a connected
metric space.

BO1FS 0109-110 6

e — -
U )

Answer either (a) or (b) of the following
questions : (Q.4 to Q.7) 10x4=40

4. (a) (i) State and prove First Fundamental
Theorem of Calculus. 1+4=5

(i) Discuss the convergence of the
o ]
integrgl L ;;dx for various
values of p. 5
(b) () Show that f:[0,]]>R defined
by f(x)=x" is integrable and

_[;f(x)dx Dl

Cmasil

4

(i) Let f be continuous on [a,D].

Prove that there exists ¢ e [a, b]

jf

Use the 1st mean value theorem
to prove that for O0<g<1 and

such that dx f )

xﬂ
neN, Il—dx—>0 as n-—>w.

0+x

3+3=6
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S.

(@ (i)
(@)
(b} (1)
(@)

BO1FS 0109-110 3

Let X=R. For x,yeR, define 6. (a) (i) Let (X, d) be a metric space and
. ety e X and WAl @l beSnons
d(x, y) = x - y| l 2
» Y 1+lx_y|. Show that d i empty. Then prove that xe A if
[
is a metric on R. 418 and only if d(x, A)=0. 4
a
Prove that a convergent sequence | 2 :
W i (G e | (i) Let (X,dy) and (Y, dy) be metric
sequence. { spaces and Ac X. Prove that a
DOGS' the converse of this hold ? | function f : A —>Y is continuous
Justify it. 44+2=6 | at g e A if and only if whenever a
iove that_ the metric space | sequence {x,} in A converges to
X =R" with the metric given by
a, the sequence {f(x,)} converges
a( i iz to f(a). 6
p(%y) = Z|xf_yi| o= A 07
& (b) (i) Prove that a mapping f:X —>Y
i . . . _1 -
where =gt el v is continuous on X iff f}(F) is
4 | closed in X for all closed subsets
y_(yl:yg, ..... ,yn) are in pn, is a | Fof Y. 4
complete metric s'pace‘ 5)
i) et (XS ) and (Y dr b be netric
Let8(X ) bela metric Lee ey () Le (X, dx) (¥, dy)
Fl_’ F> be subsets of X, Prove spaces and let f:X —> Y. Prove
that (g ey 3 that the following statements are
(RUR) = F'UF,’ and equivalent :
BUF, =R WiEs 3+2=5 I. fis continuous on X
BO1FS 0109-110 9 Contd.



L. f(B)c f(B) for all
BcyY

L. f(A)c F(A) for all ac x
' 6
7. (a) Let (R, d) be the space of rea] numbers

with the usual metric. Prove that a

§ub§et Ic R is connected if and only
if Iis an interval. ' o

(B) S {7/ f and g are two uniformly
continuous mappings of metric

Spaces (XJ dx) to (Y, dy) and

(Y, dy) to (2, ay) respectively,
then prqve that go £ is uniformly

continuous mapping of (X, dy) to

(2,dy).
- Show  that the function
TEa(0ES R defined by

1

ik
(x) x - 'S Dot uniformly
continuous. 4+2=6
BOI1FS 0109-110 10
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Let (X, d) be a metric space and
let {Y; :2eA} be a family of
connected sets in (X, d) having a
nonempty intersection. Prove that

V|0 /R stconncerec S &

Aen
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[ Old Syllabus ]
(Complex Analysis)
Full Marks : 60

Time : Three hours

1. Answer the following questions : 7=
(@) Write down the Cauchy-Riemann
; equations.

(b) Define analytic function.

(c) Find the argument of -

+1°
@) I =B vl 2z, =3-2i, then

evaluate |321 - 422| )

(e) Find fim(zg+22)_

(7 Find ((3-1) - 3)i.

T '
(g) Express e ‘4 In the form a+ bi.

Answer the following questions :

2x4=8
TR
(1) rite ~3 In the form reif .

BO1FS 0109-110 12
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(i)
(iii)

(w)

Answer any three questions :

(@)

(b)

(c)

(d)

1+ 21
-2-1|°

Find

Determine the points at which the

1

—— is not analytic.
z—-2+31 e

function
For any two complex numbers z, and
25, prove that |2,2,|=|z|z|.

S5Sx3=15

Prove that f(z)=22-2z+5 . is

- continuous everywhere in the finite

plane.

Show that f(2)=e? is analytic at every
point of the complex plane.

1 e? j
Evaluate _2';{(22_2, where C is the

circle |2/ =1.
If f(z)=2°-22z; zeC, then find
f(z) at z = -1, provided the value

exists.
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(e/ImItCt f(z):{ZQJ &

4.
Answer any three questions -

QR EEptovelihiat i(z)

Is not continuous at Z=1
=l

10x3=30

(i)  Prove that the necessary and

(1)

BO1FS 0109-110

sufficient conditions for the compl l
ex

f )
unction @ = f(z)= u(x,y) +iv( x, y)

to be analytic in g region R g
re

ou du

el e ou 0
ox oy and _a_y_:ﬁﬂl_’
0x

l . . .

I A()
f'(2)

is a 1 i
nalytic with its derivative

continyp 7
"ous at all pointg inside

and on g sj rv
Simple closed curve C, pro
: ve

that (J:f(z)dz =0

14

(i)

(i)

(v)

BO1FS 0109-110

Prove that if f(z) is integrable along -

a curve C having finite length L and
‘f there exists a positive number M

such that ‘f(z)ls M on C, then

il = it

(&)

(@) Find the analytic function.whose

real part is
u=e= [(xg Ly )cosy +2xy sin y} 3
S5

(b) Show that the function

f(z) = sinxcoshy+ icosxsinhy

is entire. 5
(a) State and prove Cauchy’s Integral

FormU.].ae- 7

ez \
(b) Evaluate _Q_;rfiz—de’ where C 18

the circle [2[=3. i
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(vi) (a) Suppose that
Z, =X, +1Y,,(n=1,2,3...) and
Z=x+iy. Prove that lim z, =z
if and only if im x, =x and
n—ow
imy, =y

n—w 5

R 3n-2
(b). Show that, z%e%? = Z I,
=2 (T’l i 2)!

(2= ). 45
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