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MATHEMATICS

(Honours Elective)

~ Answer the ,Quéstions from any one Option.'
- OPTION-A |
Paper : MAT-HE-5016
- (Number Theory)
OPTION-B
- Paper : MAT-HE-5026 -
( Mechanics )

OPTION-C
Paper : MAT-HE-5036
( Probability and Statistics)

Full Marks : 80

Time : Three hours

The figures in the margin indicate
full marks for the questions.

Contd.




~ OPTION-A
~ Paper : MAT-HE-5016
( Number Theory)

L. Ansvver the folloWing questiOHS as dil‘éCted;

(Cl) State Goldbach conJecture
twin primes, then which

(b) If p and g are
' g statements is true ? -

of the followin
) Pa- (p+1) -1
‘ff(ii)ﬁ pq= (p+1) Ty

(i) : pqz( p._i) +1
| (zv) None of the above
(c)- lee an example to show ‘that
a fb2 (mod n_). need not imply that
a= b(mod n). L
(@) State whether the following statement
is True or False . ey
“The polynomial function f:N >N
defined by f(n)=n’+n+41 provides

only prime numbers
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‘\Fmd“the ‘Sum of all poéittl,




mteger

(C) Show that any pr1me o the form 3k-f 4
1s also of the form 6k +1 where k 1s >

- R
PP

7 yox'f P
B '_\' ’ (g




-

pr 13 a prnne and n 1s a pos1t' ""f. ;»

atrnost
jv[,i 1

Show th at
congruences

>

o (a) "State and prove Fermat's theorem Is the :
converse of thrs theorem true? Justlfy

‘ .
’




(i) Let
n = ay, (1000)" +a,,.; (1000)’"’1 +...+a;(1000) +q

where a,’s are integers such that

, . jokos
0<a, <999 and T= ), (1) a.

A k=0
Prove that n is divisible by 7 if and
only if T'is divisible by 7. LD

5. (@ (i) If pis a prime then show that
(p-1)t=-1(mod p). Also verily it

for p=33. 0 o o=t
(ii) | Show that any integer of the form
8" 41 is not a prime. 3

OR

(b) State and prove Fundamental Theorem |
~ of Arithmetic. Also find a prime number
p such that 2p+1 and 4p+1 are also

primes:: - - - 1+6+3=10
6. (a) () For each positive integer ﬁzl, |
prove that -~ - |
.S n 1
bln)= ¥ (@)% =n[T[1-2
d/n & o £
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(1) If nis the product of a pair of twin
primes, prove that

fm)o)-(n+)n-3). 3
OR |

(b) (i) If f is a multiplicative arithmetic
function, then show that

n)= ). f(d) and

Saradin
=2 #d)f(d)
~d/n
are both multlphcatwe arithmetic
funct1ons chn TR o 7

() Ifnisaneven positive integer, then

prove that ¢(2n) =2¢(n). 3

T (a) (i) Define Mébius pair. If (f,g) is a
Mgbius pair and either for g is
multiplicative then show that both
fand g are multiplicative. 2+3=3

(i) If pisa prime number and kis any
\ positive integer, then show that

o(p*)= " Ll - ;15) '. 5
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OR

[b}_ () If x and y are real numbér then
show that

L [ellslesdsb e s

(i) If n =pt, p22. S Dy Where . p. %
are distinct primes and
‘ : m; e N,m; >1 then foreach r'
t ~ prove that

’ A _f(n)=£[('m;:+1)_.’ TR
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’(b) Can
:'";\‘-'fv‘-f\_}' ‘ plane ma1nta1n equ1hbr1um ?_

(C) What is the, pos1t1on; of the centre of '
grav1ty of a un1form trlangular lam1na? -1-

n (d) erte down the relat10nsh1p betv&een the b
SG0- efﬁc1ent of fr1ct1on and the angle of

\uy

fr1ct1on

AL

i

.

(e) What is' the phys1ca1 s1gn1f1cance of
| moment of a force about a pomt pet

lf,(f) Wr1te the expressmns for rad1a1 and
transverse components of acceleratlon 2
- of a partlcle movmg 1n a plane curve.,_' A

v s
Deﬁne a conservatlve force ﬁeld Gwe




T ok 3
"“~ - LS l' ¥
« ARSI ; " :
e " P ) / : g V2 ;
: a0 ; o 1 T
v R M e : 4 s
1 _ 2 N ;
] fl
] ¥ <}
3 ¢

e e the force be1ng varles 1nverse1y as
it R :_cube of the drstance Wrrte down t

4 equatlon of mot1on e
S ‘_ , (1) State Hooke s law of elastlclty

o
o

2 Answer the followmg questlons 2><5 1“"

(a) F1nd the angle between two equal force
each equal to P, when the1r resultant1 s,
a th1rd equal force P ’ ' |

(b) Two men are carrymg a stralght unlform‘
SO g bar 6 m long and werghmg 30 kg. One
L S man supports itata d1stance of Im from
\ “one end and the other man at a d1stance
e i-j_~of om from the other end What welght

does each man bear 2 "

L

{c) Prove that the centre of grav1ty of a bodyd
: 1s unlque g o ok



(a) Force P Q R actlng along OA OB oc ,'
Where O 1s the 01rcum centre of the o

tr1angle ABC are 1n equ111br1um Show -

o . that S e O Rl ,
a2 (bzf}'cfz T ) b? (C +a b2) z(a +b2 2)
( b) Prove that any system of coplanar forces
acting on a r1g1d body can be reduced :

ultlmately to either a s1ngle force or a _-
ple unless 1t is in equ1hbr1um .

s1ngle cou
r rests 1n l1m1t1ng
<lower end lon a“i

S upper 'end :

( ) " A uniform Jadde:
equ1l1br1um with the
rough horlzontal plane and it

galnst a smooth vertrcal wall,,lf 6

the 1ncl1nat10n of the’l




.-_;;i'angular velomty W Determme g
; velomty and accelerat1on component

force m,u x+ —- towards the or1g1n 1

1t starts from rest at a d1stance a, sho V- ¥
j_-,if that 1t W111 arr1ve at the or1g1n 1r1 t1me |

1 “3 X
. A

(]‘) A partlele falls under grav1ty, supposed
, V " constant, in a res1st1ng medium whose |

res1stance varies as the square of the
e Veloe1ty 1. the part1c1e starts from rest, -
" derive the expression for- velocity of the
A partlcle at the end of time'¢t.

Answer the followmg questlons (any four) |
i % P » IOX4 40§?

-

If the resultant of two equal forces';'__.;f
e .,1ncl1ned at an angle 29 is twice as,
G ?:-’?'-'I.great as When they are mchned.at
- ;f"f,'_:.. an angle 2¢ then prove tha\




( ) ] P énﬂ Q are tWo hke parallel' -

5k

~ Fand whose arm is a in-the pfarie',v'f |
> F.i; -‘ ?a of Pand Q, is comblned with them. '
“then show that the resultant is
| drsplaced through’ a dlstance

Prove that 1f three cdplanar forces
actmg on‘a. r1g1d body be in .
equ111br1um then they must elther
all three meet . at pomt or else all
in must be parallel to one another
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B AR e :

- ;w1th constant accelerat1on a. Show that*‘
ey ;_.*-the motlon of P is s1mple harmomc of

j_; , ;.‘: v’“-; ‘ A : j‘ , | . Al r27z- g 4( llv . A \,‘ i.‘-;‘ ’ ' ".’ : £ 4. ,':7 f‘.\
. operiod '\/_; ,about a moving centre which-

. 1is always at a distance ‘;.b‘ehmd AL

(f) One end of an elast1c str1ng, Whose" .

S modulus of elast1c1ty 1s ,1 and whose'f-'

Yo unstretched length is q,is ﬁxed to apomt
L ona smooth hor1zontal table and the
agpies other end is tied to a part1cle of mass m
o wh1ch is ly1ng on the table. The partlcle o
, ‘71s pulled to a d1stance Where the-
\extens1on of the strlng is b and then let-
'~ -go; show that the t1me of a CO' plete
osc1llat1on is :




VelOCltleS u and v the ﬁrst of :
1s in a f1xed dlrectlon ari

5 "‘f:‘;second of which is perpend”

: :__< s tO the radlus‘ OP dr awn from q ;*

A curve 1s descrlbed by a par,
'havmg a constant acceleratloni ,
:-d'1rect1on inclined at g con.» ‘
jangle to the target show that}

, ;;Apart1cle;falls from rest un

through a d1stance Xin ame
~res1stanc a

der orra
d1um \WhO

aequlred by it VO 1s the velocrty 1tw
N_’-have acqu1red h




: ( Probabtltty and Statistics )

S as dlrej
~a ') F1nd the total number of eIeme ta
events associated to- ther.

’ exper1ment of thrbwmgthree dice.

Answer‘ the followmg qUest1on

(8

" (b) Deﬁne probabﬂlty den31ty,funct10nifer a?
e cont1nuous random vanable .

(d) If X and Yare two random varlables and

.var (X Y) A var(X ) var(Y')\ t‘hen What
1s the relatlon between X and e

i

| hree mutuaﬂy
'Can the probab1ht1es of t
4‘_.‘- excluswe events A B C as g1ven:by g

: mean ' med1an and modq




var1ables then ﬁnd var (2x 4 Sy)

{l) erte the equatlon Qf hne of regresg o

If 'a‘ non negatlve real valued fUHCtloﬁ“
wh1ch is the probab111ty density fUHCtIQ
of the contmuous random Varlable X 1_

o ~

est1ons

: Answerthe followmg qu




funct1on |

i

(e)v If X and Y are 1ndependent random-' 5

varlables w1th characterlsuc functlons
A

CDX( ) and qoy( ) respectlvely then
show that ¢X+Y( ) goX( ) (a))

S e

Answer any four parts from the followmg :
il | kRN B 20

A bag contams 5 baIls Two balls are
drawn and are found to be white. What
1s the probab111ty that a11 are wh1te Pl

A random Var1able X has the functron

: here —oo<x<oo then
f(x) x +1 w

i ) ﬁnd the probab111ty




JHir uoﬁs brvarrate dls
‘éﬁ 6y the Jomt densrty qu

(X, ) ‘x+y,0<x<1 O<y% -
;.o elsewhere a

,(‘ .

 Find B(X), E(Y), var( (%),

S T Ko

W A com 1s tossed untll a head
"What is the expectatlon of the‘n

v‘s

X 1S a P01sson d1str1buted ¢ ra
1var1ab1e Wlth parameter ,u then 2

;If X and; Yare two 1ndependent
.varlables then show that




OnSIStmg of 6 0 Ncrs® - &
men' A o
‘Women_ 80% and 400,

of men 6'rdér' 'cli'sh{f)i'“ﬂ-;-;t ;
. andthe rest B, 70y ofwomén*érdef-; fix
L 'A-“iln,,What‘ fatioofq -
the restaurapt

o

prepar €5

‘ Two random var1ables X and Y have
: e the following

g Jomt probablhty
dlstr1but10n f nct1on ,,6; :f:y &

7Y 2 e A ) TN s ; L . ; : - 'A;<
- bs Dt : < ¥ : e Pt
— . .

Lz

T s
¥ .

f(x y) 2 x- y, O_,§x<1 0<y<1 |

S -“-(I) Marglnal densuy funct1on

(u) E(X >andE<Y) e

(III) Condltlonal dens.1ty functlon

2 3

mine
, (u) Detcr guon for Wthh thq e




ons g1ven by

2e oo

"l'w'O x<O

=

; md () mean Wlth the help 'o-_"
moment generatmg functlon -

oS

fdr ;x_< 2

118 (3 + 2x) for 2

"‘;O, for 'x > 4

Show that 1t 1s a density funct1on
Also find the probability that a
varlate W1th thls den51ty will he ln'

the 1nterva1 D 985 7 e
et ) A random var1ab1e X can assum@
values 1 and 1 W1th probablhty

@

" iL(II) : charactenstlc functlon




n, find ,f’thef,.io'fobabilr
SinRe f;!fthat in a Sample of 100 bun?s
o exactly 5 bulbs are defectrve [leen

E -0 04979] o

(f) (1) Prove that varlanoe of a random

R ;Varlable X can be expressed as the -
Vs of the expectatlon of the
oy _cond1t10na1 variance and ‘the
R varanpe) of,‘ifthe *c_ondltlonal
‘ - expectatlon is

]+var[E X/Y ]
S (u) If X is a d1screte random varrab]ze
Loy hav1ng probab111ty mass functron

"Ly

MassPomt O ] 2 3 4 * 5 6 :
" "P(X x‘) _Q;\ k| 2k ‘~_3k_:;,

determlne
(a) k

Ay l




Prove that 1ndependent variables

are uncorrelated. With the help of
an example show that converse is

- not true. ol -9

(9) (i)
(i)
(h) R,

e il

The coefficient of regression of Y

on Xis by =12,
| —-200
If U—X 100 ndV=‘Y'
~find byy. ' S5

What are the ch1ef character1st1<:s
-of the- normal distribution and

normal curve ? -4

Let X be a random variable with

_ probability density function

f(X)={

c(lfxz) , & <'x'<1 :

O | otherwise

18 What is the Value of c: ? &

(b) Find the cumulatlve
dlstrlbution function of X. 3
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