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New Syllabus

(Riemann Integration and Metric Spaces)

Full Marks : 80

Time : Three hours

1. Answer the following as directed -

1x10=10

(@) Let f:[a,b] >R be a bounded

(b)

(d)

(e)

function and P, Q are partitions of
[a, b]. If Qis a refinement of P, then
() L(f,Q)<L(f,P)
(@) U(f,P)<U(f,Q)
(iti) U(f)sL(f)
(v) L(f)<U(f)

(Choose the correct option)

Find the value of [e~*dx .
0

Show that I'(1) =1.

Define Ca
uchy sequence i :
space. 4 € 1n a metric

State whether the f; :
is true or false - ollowing statement

“Each subset of a discrete

is open.” metric space
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} (fLE the mapping d:R2xR?2 >R 18

()

(h)

3 (Sem-6/CBCS) MATHC 1(N/0)/G 3

defined as d (x4, %), (%2> ¥2)) = ba =l
then which one of the following
statements is true ?

(i dis the usual metric on R2
(i) ~dis uniform metric on R?

(i) dis a pseudo metric on R

(iv) None of the above statements is true

Which of the following statements is not

true ?

(i) In a metric space countable union
of open sets is open

(i) In a metric space finite union of

closed sets is closed

A non-empty subset of a metric

space is closed if and only if its

complement is open

None of the above statements is

(iti)

()

true

When is a metric space said to be
connected.
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(1) _State whether the following statement
1s true or false :

(43
Ime_tge of an open set under a
continuous function is open.”

() Under what condition the metric spaces

(X,dx) and (Y,dy) are said to be
equivalent ?

2. Answer the following questions : 2x5=10

(@) Letw,v:[a, b] > R be differentiable and

u', v' are integrable on [a, b|. Then ooy
that

; _

&[u (x)v' () dox =[ u (x) v (x)]z - l_)[u' (x)v (x)dx.

(b) Show that a subset F of aa metric space
(X, d) is closed if and only if F— .

(c) Let (Y,dy)be a subspace. of a metric

space (X,dy) and S, (z,r) and

Sy (2, 1) are open balls with center at

zeY and radius rin the metric space

(X, dy) and (v, dy) respectively.

Prove that Sy (z,r) = Sy (z, 1 lghy
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Show that the image of a Cauchy

(d)
. sequence under uniformly continuous
function is again a Cauchy sequence.
(e) Show that a contraction mapping on a
metric space is uniformly continuous.
Answer any four questions : 5x4=20
(a) Show that a bounded function
f:[a, b] > R is integrable if and only if
for each ¢ > 0, there exists a partition P
of [a, b] such that U (f, P) L ()t
(b) Let g be a continuous function on the

closed interval [a, b] and the function f

be continuously differentiable on [a, b].

Further if f' does not change sign on

[a, b], then show that there exists

c €[a, b] such that

[ (x)g(x)dx = f (@) [g (x)dx+f (b) [g (x)dx.
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: . : 4=40
() Let (X,d) be a metric ‘space and the | 4. Answer the following questions:  10x
function d":X x X - R is defined as | | (@) Let fbe a function on an interval Jwith
d (x,5) nth derivative f") continuous on J. If
d (x,y)= I_Id_(;c-?) Vx,ye X a, b e J, then show that
fw : (n) ) n-1
*Y . . f’(a) ' T_f-__ﬁ_ b—a +Rﬂ
Show that (X, d ) 1s a bounded metric | f(b)=f (a)+ T (b-a)+ n-1) !( )
space. I3
(d) Let Y be a non-empty subset of the ¢ (b—t)n_1

where, Rn = I—(—n::L—)'—f(ﬂ) (t)dt

a

metric space (X, d). Prove that the

subspace (Y, dy ) is complete if and only or

if Yis closed on (X, d). '
Let .f :[0, 1] — R be continuous and
(¢) Show that composition of two uniformly
continuous functions is also uniformly C e [i il i] neN.
1 2

continuous. n

(i Show that a metric space (X,d) is Then show that

disconnected if and only if there exists - ;
1
5 _ tim—) f (¢)= .[f e
a continuous function of (X, d) onto the e 0
discrete two element space (X, d,), i.e., Henctishowittat
X0 =1{0,1} and dy is the discrete metric jim i - L 5 = log2 . 2 EORLD
o Xy o i b L

. td.
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(b) Letl, (p21) be the set of all sequences

of real numbers such that if
x:{xﬂ}nzl Elp:'then Z'xifp Sty |
AR

Pro i
ve that the function d : lp xlp > R

1
defined by d(x,y):{ilxn —y lp}p

n=1

1S a metric on lp. Also show that lp 1s a '

complete metric space. 4+6=10
Or

() Let (X,d) be a metric space and

{x”}n?] | {yn}n?! be two sequences in
Xsuch that x, — x and Y
n — w. Then show that ’

d(xn’yn)‘_)d(x:y) as n — w.

—> Y as

4

() Let (X, d) be a metric space and Y

sfs;ﬂ?ﬁlface of X. Let Zbe g subset
Yifé den sh_ow that Z is closed in

Nd only if there exists a closed
Set F ¢ X such that Z= iy

6
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What are meant by contraction mapping
and fixed point of a contraction mapping

in a metric space? If T:X - X is a

contraction mapping on a complete
metric space, then show that T has a

~ unique fixed point. (1+1)+8=10

Or

- If (X, d) be a metric space, then show

that the following statements are

equivalent :
(i) (X, d) is disconnected.

(ii) There exist two non-empty disjoint
subsets A and B, both open in X,
such that X =AU B.

(iii) There exist two non-empty disjoint
subsets A and B, both closed in X,
such that X = AUB.

(iv) There exists a proper subset of X
that is both open and closed in X.
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(@ (1)

(1)

(iii)

(iv)

Let f:[a, b] > R be integrable and

X

F(x)=[f ()dt; xe[a,b] show

a ‘
that Fis continuous on [a, b]. Also
show that F is differentiable at

x €[a, b] if fis continuous at
x€[a, b] and F’(x)= f(x). 7

Let (X, d) be a metric space and
p:XxX >R be
d(x,y) .
1+d(x,y) * %YsX.

Show that d and p are equivalent
metrics. 3

Or :
Show that a subset G of a metric

space (X, d) is open if and only if

it is the union of all open balls
contained in G. S

p(x,y)=

Give example, with justification, of
a homeomorphism from a metric
Space onto another metric space
which is not an isometry. S
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defined by

Answer the following as directed :

(@)

(b)

()
(d)

(e)
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Old Syllabus
Full Marks : 60
(Complex Analysis)

Time : Three hours
1x7=7
Determine the accumulation point of

the set z, =-:;(n =1,2,3, )

Z

Describe the domain of f ()= g

Define an entire function.
Determine the singular points of
2z+1

()= z(zz+1)

The value of loge is
@ 1

(i) 1+2nml

(iii) 2nmi

g A (Choose the correct option)
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. JEDET

() lmjL -2 +1 2 1s equal to
(T/0 (i) -2

(i) —2+1 (iv) limit does not exist

| (Choose the. correct option)

(g) The power expression for cosz is

M editosE S ot
.l )10 S
o aeR Hess Z_g2
(Ill) T {IU) e__e*
(Choose the correct option)
Answer the following questions : 2x4=8

(a) Sketch the set

|z-1~:~i|$l

(b) Prove that f'(z) exists every where for
the function f(z)=iz+2.

© I f(z)-

not exist.

ST

, prove that [im f(z) does

z—0

2'(1 .)2
(d) Evaluate IJ-\;_IJ dt
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Answer any three questions from the
following : ' 5x3=15

(@) (i) Show that if e? is real, then

Imz;n;r(n:O, =i = R .3

(i) Show that exp(2+37i)=-€?. 2

(b) Suppose that f (z)=u(x, y)+iv(x, y),
where z=x+iy and z;=x;+iyy,

wy = Uy +1vy. Then prove that

lim f(z)=wy if

2—rzg

. lim u(x,y)=uy and
(x, y)_>(x01 yO)

Iim v(x, y) =l
(x,y)*>(xos Yo)

(c) Show that f'(z) exists everywhere,

when f (z)=€®

dz ;

(d) Evaluate I ';, where C is the top half
C

of the circle |z| =1 from 2z 1 to z=-1.
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Let C denote the positively oriented

boundary of the square whose sides lie

along the lines x=+2 and y=Z%2.

Applying Cauchy’s integral formula,
2

evaluate Ji(——

Al

0]

4. Answer either (a) or (b) and (c):

(@)

(b)

Suppose that f(z)=u(x, y)+iv(x, y)
and that f'(z) exists at a point

Zy = X +1Y, - Prove that the first order
partial derivatives of u and v must exist
at (xy,Y,) and they must satisfy the
Cauchy-Riemann equations u, =y,
and Y, =-V, there. |

Also show that f'(z)=u,+iv, =v, —iu

. . - y y
where partial derivatives are to be
evaluated at (xg, yo). 10

Or

If z, and w, are points in the z-plane
and w-plane respectively, then prove
that lim f(z)=c« if and only if

Z-—)ZO
. 1
lim =0
Z—2Zn f( )
Hence show that lm Lk S s
Zz=r=1 12\
4+2=6
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(c) If w=f(z)=2, examine whether

d :
a8 exists or not. 4
dz

5. Answer either (a) or (b):
(@) Let Cdenote a contour of length L and

suppose that a function f(2z) is

piecewise continuous on C. If Mis a
non-negative constant such that

lf(z)l < M for all points zon C at which

f(z) is defined, then prove that

<ML

[f(z)dz

Hence show that

J-dz‘

21
CZ

5%, where C is the arc of

the semicircle [z|=2 from z=2 to

that lies in the first quadrant.
10

Z=2f

Or

(b) State and prove Liouville’s theorem.
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6. Answer either (a), (b), (c) or (d):

(a) Prove that if a series of complex numbers
" converges, then the nth term converges
to zero as n tends to infinity. 3

(b) Test the convergency of the sequence
e, o2
znz—é—+1(n:1,2,~-) : a%
n
(¢) Find Maclaurin’s series for the entire
function f(z):lz. 4

Or
(d) Suppose that a function f is analytic

throughout a disc |z—zy| <R, centred
at z, and with radius R,. Then prove

that f(z) has a power series

representation

f(z)= %an (ZWZO)” (Iz—zol <RO)

n
where a, = f_(lﬂl ('n - 0) 1, 2] )
mn:
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