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The figures in the margin indicate
full marks for the questions. ‘

1. Answer the following questions: 1x10=10
(a) 'Is:0 a cluster point of (0,1)?

(b) “ If the limit of a function f at a point
C of its domain does not exist, then f
diverges at C.” (Write True or False)

() Define Limf(x)=w, where AgRand

f:A->R andCeR is a cluster point
of A.
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(@)
(e)

(9)

(h)

()

0)

Write sequential criterion for continuity.

What do you mean by an unbounded
function on a set ?
Let ABcR and let f:A—>R be

continuous on A and let g:B—>R be
continuous on B. Under what condition

geo f : A—>R is continuous on A ?

“If a function is continuous then it is
uniformly continuous.”

(Write True or False)

If functions f, f5,....f, are differentiable

at c

brir. 4o

write the expression for

The function f(x)=x is defined on the

interval I=[O,1]. Is O a relative

maximum of f ?

Define Taylor’s polynomial for a

function f at a point x,, supposing f

has an nth derivative at x(;.
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Answer the following questions :

(@)

(b)

(c)

(d)

(e)

Answer any four parts :

(@)

2x5=10

Use g-¢5 definition of limit to show
2

that lim ~—=0.

x—-0 |x|
Show that the absolute value function
e (x)=|x| is continuous at every point
celR.
Give an example of a function
f:[0,]]> R that is discontinuous at

every point of [0,1], but |f| is
continuous on [0,1].

“Continuity at a point is not a sufficient
condition for the derivative to exist at
that point.” Justify your answer.

sinx

Show that [Iim =0.

x—=0+ J;c_

5x4=20

Prove that a number ceRis a cluster
point of a subset A of R if and only if

there exists a sequence {a,} in A such

that lim a,=c and a, #c for all neN.

Contd.



(b)

(c)

(@)

(e)

Show that (using g—g definition of
limit)
i 000 4
lim :
x-2 x°+1

.
5

Prove that if I=[ab] is a closed

bounded interval and if f:I->R is

continuous on I then f is bounded
on L

Show that if f and g are uniformly
continuous on a subset A of R then

f+g is uniformly continuous on A.

Suppose that f is continuous on a
closed interval I = [a, b] and that f has
a derivative in the open interval (a,b)
Then there exists at least one point ¢
in (a,b) such. that

fb)-fla)=F(c)b-a)-

Let f:I >R be differentiable on the
interval I. Then prove that f is

increasing if and only if f'(x)>0 for all

xel.
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4. Answer any four parts :

10x4=40

(a) Prove that a real valued function fis
continuous at ceR if and only if
-whenever evéry sequence f{c,},
converging to ¢, then corresponding

sequence {f(c,)} converges to f(c).
(b). . (i) Show that every infinite bounded
subset of R has at least one limit
point. S
(ii) ~Let AcR; let f:A—>R and let
ceR be a cluster point of A. If
as f(x)<b for all xeA, x#c and
if ,lcch f(x) exist then prove that
a<lim f<b_ 5

xX—>C

(c) . (i) - Let I=[a,b] be a closed bounded
interval. Let f:I - R be such that
f is continuous. Prove that f is

uniformly continuous on [a,b].
o
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(i) Show that the function i (x)=-;c2—

is' uniformly continuous on

A=[1,): 5

(d) Let I=[ab] be a closed bounded

interval and let f:I - Rbe continuous

on I Then f has an absolute maximum
and an absolute minimum on L

(e) () Letlbea closed bounded interval
and let f:I >R be continuous on

I Then the set f(I)={f(x):xel}

is a closed bounded interval. 6

(i) Let ABcR and let f:A—>R and
g:B—R be functions such that
f(A)cB. If fis continuous at a
point ce A and g is continuous at

" b=f(c)eB, then show that the
composition go f:A-R s

continuous at c. 4
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(h)

)

(1)

¥)

(@)

(i)

(i)

Let I=[a,b] and let f:I >R be
continuous on L If f(a)<0<f(b)
or if f(a)>0> f(b), then prove that

there exists a number ce(a,b)
such that f(c)=0. 6

Use the definition to find the

derivative of the function f {x]= —le
%

for x>0. 4

State and prove Taylor’s theorem.
2+5=7

Using the Mean Value theorem

prove that |sin x—sin y|_<_|x—y|

for all x,y in R 3
Show that
1——1-x2_<_cosx
2
for all xeR 3
Evaluate lim(—}—- : ) 5
N vl sin’x
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