o 2022
- MATHEMATICS

(Honours Elective)

;Qﬁestions frqm any one Option.
~ OPTION-A

aper : MAT-HE-5016
(Number Theory)
DSE (H)-1

. (any ten) 1x10=10

' tﬁgars which are less than
' ;_108 is



(v) 1If a= gb for some integer gq and a, b#0,
then

Mb divides a
(b) a divides b
(¢ a=b
(d) None of the above

If a and b are any two integers, then
there exists some integres x and y such
that

(a) gcd(a,b)=ax+by
(b) gcd(a,b)=ax-by
; (c) gcd(a,b)=ax" +by™

(d) ged(a,b)=(ax +by)'

(viij The linear diophantine equation
« ax+by=c with d=gecd(a,b) has a
solution in integers if and only if

~fa) d|c
(b) cld

(c) dl(ax+by |
(d) Both (a) and (¢)
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divides the

and b, then (xi) The reduced residue system is of

complete residue system.
: (@) compliment

(b) subset

(c) not a subset

(d) Both (a) and (c)

h that every

odulo m to (xii) The unit place digit of 137°° is
e set is called

@ 7
(b) 9
‘ © 3
d 1

. MEuler phi-function of a prime number
pis 3

(@ p B
-(b) p-1

(90 p/2-1 ;
)4 (d) None of the abow

¥
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y If ac=bc(modm) and d = ged(m,c)

(a) 4= b(modZ—IJ

(b) asc(modgj
(c) a=m(modb)

3

/

i
3
3
Q
Q,

d 4

',/{éiii) If a is a whole number and p'is a
prime number, then according to

Fermat’s theorem

(@) af -a is divisible by p

(b) aP -1 is divisible by p
. () a?'-1 is divisible by p

(d) aP'_q is divisible "

2. Answer any five questions :

1@ Find last two digits o
decimal expansion.

© . 3(Sm-S/CHOS| NAT HE I/HE 2/HE /G 7




(@)

(b)

S h integer c/ce)

(e)

prime

(9)
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3. Answer any four questions : 5x4=20

IfspNiS i a prime then prove that
o(p)=(p-1)o((p-1))

Show that, the set of integers {1,5,7,11}
is a reduced residue system (RRS)
modulo 12.

Solve the following simultaneous
congruence :

x =2(mod3)
x =2(mod?2)
x = 3(mod5)

For n-—-pk,p is a prime, prove that

= Zdln‘/’ (@) , where Zd[n denotes the
sum over all positive divisors of n.

If p, is the n™ prime, then show that

1 it 1
— et — .t —

is not an integer.
P §25) pn g

Let n be any integer > 2. Then o(n) is
even.

Show that if a;,a,,..... »aw(mL is a RRS
modulo m, where m is a posxt!. e integer
with m # 2, then

Q) + 05 + ... + Q) = 0(modm




(h) Show that 10!+ 1 is divisible by 11. 6. (a) Prove that the quadratic congruence

x2+150(modp),- where p is an odd
2 P 2 = prime, has a solution iff p= 1(mod4).

o)

Answer any four of the followmg questions :
10x4=40 (b) If p is prime and a is an integer not

i o . divisible by p, @ preve"  ihat

4 (@) If a,b#0 and ¢ be any three integers

a?! =1 (mod p)- 5
State and prove Chinese remainder theorem.
Also find all integers that leave a remainder
of 4 when divided by 11 and leaves a
remainder of 3 when divided by 17.

8. (a) For each positive integer n>1, show

i h= |
that Zdln’u(d) B {O, ifn>1 2
(b) If k denotes the number of distinct
prime factors of positive integer n. Prove
that ), | #(d)|=2" 5
9. (@) If pis a prime, prove that
¢(pk)=pk_pk‘1, for any positive
integer k. For n> 2, show that ¢(n) is
an even integer. 3+2=5
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10.

(b) State Mobius inversion forrnula If the
integer n>1 has the prime

factorization. If n=plpk. . pk, then
prove that

Zdln ;l(d) O'(d) ('— 1) P1 P2---Ps. 59

12,

13.

(b)

)

(i)

(@

(b)

Examine whether the following set
forms a complete residue system or a
reduced residue system :

{—3,14,3,12,37,56,-1}(mod7) 5

If n>1 is an integer then show that

z(n)
Mg, d=n2 3

If fand g are two arithmetic functions,
then show that the following conditions
are equivalent : 7

n)= 3.9

W)= X @) ()~ St 5 )70@)

If n is a positive integer with n>2,
such that (n-1)+1=0(modn), then
show that n is prime. S
Show that if p is an odd prime, then
2(p-3)!=-1(mod p). 5
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| ESSthen
al d PE ?

‘a body.

action of |

down its equation of mot:on
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(viii) What is the resultant of a couple and
a force in the same plane ?

(ix) What is dynamical friction ?

(x) What do you mean by terminal
velocity ?

(<) Define coefficient of friction.

{xii) What is the position of the point of
action of the resultant of two equal
like parallel forces acting on a rigid
body ?

(xiii) What is the whole effect of a couple
acting on a body ?

(xiv) Define simple harmonic motion.

(xv) What is the centre of gravity of a
triangular lamina ?

(xvi) Define limiting friction.

(xvii) State the principle of conservation of

energy.

(xviii) A particle moves on a straight line
towards a fixed point O with an
acceleration proportional to its
distance from O. If x is the distance of
the particle at time t from o, thgn write




:

il P

' followoin -

H 2 2’(5_1g (i) Write the expression for the component
|1 0 of velocity and acceleration along radial

ction. and cross radial direction in a motion
: of a particle in a plane curve

of radius ,

Jilts angular () The _Spt:’(‘d v of a particle moving along
x-axis is given by the relation

U') :)13(8[),\'_ »\") ~]2})‘} . Prove that the

b e e e .

R motion is Simple Harmonic.

U tJO'ns ()?‘

! eoplanar 3. Answer any four questions of the following :
5x4=20

t line is (a) The greatest and least resultants that
two forces acting at a point can have
magnitude P and Q respectively. Show
that when they act at an angleg their

resultant is \/;32 cos? L + Q% sin®=.
2 2.

(b) Iis the in centre of the triangle ABC.
If three forces p,Q,R acting at I along

TA, 1B, IC are in equilibrium, prove that

P Q R

Ja(b+c-a) =,/F(c+a—b) =,/c(a+b—-c)
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three equal 4.
at the three
SSCS through

() Show that'_thé’ ;

(a)

(b)

(c)

R
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Answer any four questions of the following

10%4=40

Forces P, QO and R act along the sides
BC, CA and AB of a triangle ABC and
act ;;]r,ng OA, OB

O is the centre of the

forces P',Q" and R’

and OC, where
that

circumscribed circle, prove

RcosC=0

(i) PcosA+QcosB+4

PP’ QQ' RR

\

(11) e b

a

State and prove Lam 's theorem. Forces
g OA, OB and
circumcentre of

P, Q and .R acting
OC, where
triangle ABC, are in equilibrium. Show

O 1s the

that

P Q R

a’ (b’ 1_7(“’)' ‘a") b’ (( ra’ b) ("z(a‘) +b2—czi

(i Find the centre of gravity of a

uniform arc of the wcirecle

3

x* oy“ -a® in the

positive

quadrant.




t line unde,
2d point op

ed point.

1 distance

(h)

@)

0

The velocity component of a particle
along and perpendicular to the radius
vector from Arand w@. Find the path
and show that radial and transverse
component of acceleration are

2

; 2
i : and /19(/1"’&).
r T

Find the component of acceleration of
a point moving in a plane curve along
the initial line and the radius vector.
Also find the component of acceleration
perpendicular to initial line and
perpendicular to radius vector.

A particle moves in a straight line under
an attaction towards a fixed point on
the line varying inversely as the square
of the distance from the fixed point.
Investigate the motion.




(g)

(v

0)
1 non- (k)

@

(m)

()
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Define Negative Binomial distribution
for a random variable X with parameter
7

What are the relations between mean,
median and mode of a normal
distribution ?

Write the equation of the line of
regression of x on y.

What is the variance of the mean of a
random sample ?

Define moment generating function of
a random variable X about origin.

What are the limits for correlation
coefficents ?

For a Bernoulli random variable X with
P(X=0)=1-P and P(X=1)=P write
E(X) and V(X) in terms of P.

If X is a random variable with mean u

and variance ¢, then for any positive
number k, find Chebychev’s inequality.

A continuous random variable X follow

the probability law f (x) = Ax®, 0 S x<1.
Determine A. &




B

g~

v

T

(c)

(d)

With usual notation for a binomial
variate X, given that

9 P(x=4)=P(x=2) when n=6.
Find the value of p and gq.

If X is a continuous random variable
whose probability density function is
given by

f(X):Jlg (‘4xf2x2’) Q<12
0,

otherwise

then find P{X>1j.

Show that for a normal standard variate

2, E(z)=0 and V(z)=1.

The number of items produced in a
factory during a week is a random
variable with mean 50. If the variance
of a week’s production is 25, then what
is the probability that this week’s
production will be between 40 and 60.

Define probability mass function and
probability density function for a
random varibale X. it

¥




(b)

(d)

IfXand Yar 3
‘ € two independ
Variables the ‘sl t}}?at ent random

var(X +Y)-= var(X)+var(y)
If tfhe probability that an individual will
suffer a bad reaction from injective of

a given' serum is 0.001 determine the
probability that out of 2000 individuals

(i) exactly 3,
() more than 2 individual
will suffer a bad reaction. 2+3=5

Two random variables X and Y are
jointly distributed as follows :
f(x,y):2<1—x2 —y2), 0<x +.y2 <1

T
Find the marginal distribution of X.

'State and prove weak law of large

5

numbers.

If X and Y are independent random
variables having common density
function
f(x)se™, X518
0, otherwise
Find the density function of the rgpdom
variable XX FoA




(b) Two random variables X and Y have
the following joint probability density
function : 2+2+3+3=10

j2—x—y, O<x<1 O<yc<l
| 0, otherwise

J ()=

Find (i) marginal probability density
function of X and Y’ (i) conditional
density function (ii) var (X ) and var (Y)
(iv) co-variance between X and Y.

() Let X be a random variable with

mean x and variance r?2. Show
hat E(x-b)* as a function of b is
minimum when b= u. 5

A bag contains S balls and it is
known how many of these are
white. Two balls are drawn and
are found to be white. What is the
probability that all are white ? 5

If X is a random vanable then
prove that

var(X) = var|E(X/Y)]
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that in a h i I
(h) (i) A function f(x) of xis defined as
follows :

f(x):o for x<2
1
=E(3+2x)for2s)cs4
=0, for x>4

Show that it is a density function.
Also find the probability that a

variate with this density will lie in
the interval 2<x<3- 5

X can assume

(i) A random variable
th probability

values 1 and -1 wi

1
3 each. Find

nt generating function,

(i) ~mome
(ii) characteristics function. S
Find the median of 'a normal

5

) @) EICEES
distribution. :
X has density
h 5

i A random vari
~ function given b}

G

B
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