‘3 (Sem-5) MAT M 1
20109
MATHEMATICS
(Major )
Paper : 5.1

{ Real and Complex Analysis )

Full Marks : 60

Time : 3 hours
The figures in the margin indicate full marks
for the questions
Symbols have usual meaning

1. Answer the following questions : 1x7=7

fa) Write down a sufficient condition for the
equality of f,, and fy,.

(b) Give an example of a discontinuous
function which in Riemann integrable.

(c) If P*is a refinement of a partition Pof a

bounded function f, then write down the

~ relations between U(P, f), UP*, f),
L(P, f), L(P*, f).
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(d) Define pole of order n of a complex
valued function f(2).

fe) A functioﬁ f@=ulx, Y+ivfx, 3 is
defined such that du =-a—g. State
dx dy

whether fis analytic or not.

() Let f(2g) =ulx, y)+iv(x, y) be analyticin a

region R. Prove that o v _ @2

ax Y

(99 Find the fixed points of the
' ‘transformation w=z+5.

2. Answer the following questions : 2x4=8
(a) Show that
lim lim f(x, y = lim lim f(x, Y
x—0 y—0 y—0 x>0

but lim, )0, 0) f(% Y does not exist,
where

=52, x 920 0

=0, (x Y=, 0)
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'(b) Prove that the improper integral

.‘:dx

(x-a)"

converges if and only if n<l.

() Let C be the curve in the xy-plane
defined by 3x2y—2y3 =5x4y2 -6x2.
Find a unit vector normal to Cat (I, -1).

{d) Show that

v E-—a—+ii =2_8:
dx dy 0z
3. Answer any three parts : 5x3=15

(a) Show that the function
2

X
foo g=—325, x2+y? 20
X +y

=0, x=y=0

possesses first partial derivatives
everywhere, including the origin, but
the function is discontinuous at the
origin.
(b) Prove that a bounded function f is
integrable on [a b] iff for every € >0,
there exists a partition P of [a, b} such
that U(P, f)-L(P, f)<e.
{ Turn Over )
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(d)

(e)

(a)

20A/269

(4)

Prove that every absolutely convergent
improper integral is convergent.

Given, u=e *(xsiny-ycosy), find v
such that f(z) =u+iv is analytic.

Evaluate jcidz from z=0 to z=4+2i

along the curve C given by (i) z= t2 +it
and (ii) the line from z=0 to z=2i and
then the line from z=2i to z=4 +2L

4. Answer any one part :

() Show that f(xy z-2x)=0, f is
differentiable and f, #0, where
v = z-2x satisfies the equation
0z 0z

Z_yZL-oo
xax yay x

(i) Show that the function
fle @=y*+xPy+x*

has a minimum at G 0.

10
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(5

B) ) show that [ x™1(1-x)""}dx exists

(@

if and only if m, n both are positive. S

Show that the integral
j-(l) sm(l/x)‘dx’ p>0

xp

is absolutely convergent for p<1l. 5

5. Answer any one part : : 10

(a)

(b)
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The roots of the equation in A
A-29%+-93+(-2°% =0
are u, v, w. Prove that

A v W _ _, y-2z-2x-y
Aoy g @-dp-ww-u s

Prove that if f and g are Riemann
integrable on [a, b}, then f+g, f-g
are also Riemann integrable on

[a Bl 5

Show that the function [x], where [x]
denotes the greatest integer not
greater 'than x, is Riemann
integrable in [0, 3] 5
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(i)) Prove that if a function fis bounded
and integrable on [a@ b] and there
exists a function Fsuch that F'= f

on (g B} then ['fdx=F(B-Fl@. .

6. Answer any one part : ‘ 10
{a) (i Prove that if

w=f(@ =ulx y+iv(x y
is analytic, then
ou dv ou ov
= and =~

dx dy B_y ax 5

(i) Let u(x, y) =0 and v(x, y) =f, where
u and v are the real and imaginary
parts of an analytic function f(2)
and o, f are the constants,
represent two families of curves.
Prove that if f'(2#0, then the
families are orthogonal. 5

(b). (i Let f(2) be analytic inside and on a
circle C of radius r and centre at
z=a. Then prove that

e S-Ar@, n=012, ..

where M is a constant such that
If@I<M on C and fiNg
represents n-th derivative of f(2) at
z=a S
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(i) Let the rectangular region R in the
z-plane be bounded by x=0, y=0,
x =2, y=1. Determine the region R’
of the w-plane into which R is
mapped under the transformation
1. w=2z+(1-2)
2. w=+2e™4z 2+3=5

* &k Kk
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